In addition, the external forces g(t) satisfy only the weaker integrability condition than in the earlier similar research of Song and Wu (2007) [25] and Li et al. (2009) [18] .
Introduction
In this paper, we consider the following non-autonomous nonlinear reaction-diffusion equation:
with Dirichlet boundary condition 5) for all u ∈ R.
Our aim is to study the long-time behavior of solutions of problem (1.1) by the theory of pullback attractors. The theory of pullback attractors has been developed for both non-autonomous and random dynamical system, see Crauel and Flandoli [10] , Crauel et al. [11] , Cheban [7] , Langa and Schmalfuss [17] , Kloeden and Schmalfuss [13] , Schenk-Hoppé [23] , Caraballo and Real [3] , Caraballo et al. [4] [5] [6] . This theory is a natural generalization of the theory of global attractors developed to study autonomous dynamical systems (Robinson [22] , Temam [27, 28] ), and it is well suited to study the non-autonomous dynamical systems.
The reaction-diffusion equation model (1.1) is sufficiently canonical, and has been widely studied. Let us recall some recent relevant research in this area. For the autonomous case of problem (1.1), i.e., when g(t) does not depend on the time t explicitly, the asymptotic behaviors of the solutions have been studied extensively in the framework of global attractor, see [1, 12, 22, 27, 30] , and the references therein. For the non-autonomous case, the asymptotic behaviors of the problem are more complicated, where the absolute starting time is as important as the elapsed since starting. In [9] , V.V. Chepyzhov and M.I. Vishik study existence of uniform attractor in space L 2 (Ω) for non-autonomous case with translation compact forces (see [9] for more details). In [2] , the right-hand side g(t) is allowed to be unbounded in the norm of L 2 (Ω), namely, the function g(t) is allowed to have polynomial growth in time,
for all t ∈ R; Caraballo et al. study the existence of the pullback attractor in space L 2 (Ω) and the dimension of pullback attractor. Recently, motivated by [21, 29] , in [25] 
the condition (1.7) is usually said translation bounded. More recently, the condition (1.7) has been weakened to the following one 8) where 0 < α λ 1 , λ 1 being the first eigenvalue of the Laplacian. The existence of uniform and pullback attractor in the space L p (Ω) for this kind of problem was studied in related works [18, 19, 26] .
In this paper, we are interested in the non-autonomous case without any restriction on the growth order p (p 2 is arbitrary), and prove the existence of unique minimal pullback attractor in space H 1 0 (Ω) without any restriction on the growth order p of the nonlinear term f (u), and with less restrictive condition than (1.8) on the right-hand side g(t), namely, we assume that
The nonlinearity f (u) does not subordinate to the linear part of the equation if p is large enough, so the usual compactness arguments do not work here. In addition, due to the g(t) dependence on time t, it seems to be difficult to apply some technique in the autonomous case [30] . To attain our goal we use the methods introduced in papers [29, 25, 18] , and some new estimates of the solutions; these estimates are partially motivated by the methods in [22, 20] in some sense, see also in [26] .
Let D be the class of all families {D(t): t ∈ R} of nonempty subsets of
Now we state our main result: 
Preliminaries
First, we recall some basic notions and then formulate a general result about existence of pullback attractors.
Let X be a complete metric space with distance d(·,·). A two-parameter family of mappings acting
is said to be an evolutionary process (a process for short) if
Let D be a nonempty class of parameterized setsD = {D(t): t ∈ R} ⊂ P(X), where P(X) denotes the family of all nonempty subsets of X . We callÂ minimal if for every familyĈ = {C(t): t ∈ R} ⊂ P(X) of closed sets such that
Let A be a nonempty bounded set of X . The Kuratowski measure of noncompactness [12, 24, 15] 
Definition 2.4. Let X be a Banach space. A process U (t, τ ) is said to be norm-to-weak continuous on X if for all t, τ ∈ R with t τ and for every sequence x n ∈ X ,
Obviously, continuous process and weak continuous process are both norm-to-weak continuous processes. The following result is very useful to check that the process is norm-to-weak continuous. [25, 30] .) Let X, Y be two Banach spaces, X * , Y * be respectively their dual spaces. Assume that X is dense in Y , the injection i : X → Y is continuous, its adjoint i * : Y * → X * is dense, and U is a norm-
Theorem 2.1. (See

to-weak continuous process on Y . Then U is a norm-to-weak continuous process on X if and only if for any
τ ∈ R, t τ , U(t, τ ) maps compact sets of X to bounded sets of X .
Theorem 2.2. Let X be a Banach space, U (t, τ ) be a norm-to-weak continuous process in X satisfying the following conditions:
(1) There exists a familyB of pullback D-absorbing sets in X ,
where P : X → X 1 is a bounded projector. The next theorem gives a convenient method for verifying the pullback D-limit-set compact, and the method is quite easy to apply in many concrete problems. [29, 25, 18] .) Let U (t, τ ) be a process in a uniformly convex Banach space X . Then the following conditions are equivalent: 
Theorem 2.3. (See
(1) U (t, τ ) satisfies pullback D-Condition (C) (pullback D-flattening condition), (2) U (t, τ ) is pullback D-limit-set compact.
Pullback attractors of non-autonomous reaction-diffusion equations
For a norm in an other space E we shall use the notation · E .
We start with the following general existence and uniqueness of solutions which can be obtained by the normal Faedo-Galerkin method. Here we only state the results, and the interested readers can be referred to [8, 20, 22] .
By Theorem 3.1, the process acting in the space V is defined as follows:
where u(t) is the solution of problem (1.1).
In the sequel we shall also need the following lemma. 8) where N 1 , N 2 are positive constants.
Proof. The first two inequalities are elementary and are easy to obtain, we will omit them. Now let us show the third inequality. 
On the other hand, from (1.4), we have 
The idea of the proof of this lemma comes from the proof of regularity of the attractor in the autonomous case, see Marion [20] and Robinson [22] .
Proof of Lemma 3.4. Multiplying Eq. (1.1) with |(u −
By (1.4), we can take M large enough such that
Suppose p > 2 (if p = 2, it is easy to see that Lemma 3.4 is right by Lemma 3.3),
Using Young's inequality, we have 
ds. 
uniformly with respect to all initial conditions
Now, we are able to prove Theorem 1.1 by checking the conditions of the abstract Theorem 2.2 in the case of our reaction-diffusion problem (1.1).
Proof of Theorem 1.1. By Lemma 3.3, the process U (t, τ ) corresponding to problem (1.1) possesses a family ofB of pullback D-absorbing sets in V . It is easy to see that the process U (t, τ ) is continuous in H by (3.2) . Using the inequality (3.7) and the Gronwall lemma we know 
Taking the inner product in H of the first equation (1.1) with − u 2 , we have
using Young's inequality, we have
and Next, we estimate the fourth term on the right side of the inequality (3.43), 
